The moduli space of semistable bundles of a fixed determinant over an algebraic curve has been studied by many authors from various points of view. Especially wellunderstood is the case of rank 2 bundles. In this case, quite a detailed study of the geometry of the moduli space has been done in [Be], [BV], and [DR].
Theorem 1. Let M 1 be the moduli space of stable bundles of rank 2 with a fixed determinant of odd degree over an algebraic curve of genus g ≥ 2. Then the tangent bundle of M 1 is stable.
Our next result is on the deformation rigidity of generically finite morphisms over M i . A result of this type is expected for many Fano manifolds of Picard number 1, and the result here can be regarded as an example (see [HM1] for a general discussion). To streamline the presentation, we assume g ≥ 4 for M 0 and g ≥ 5 for M 1 in the next theorem. It may be possible to extend our result to some cases of lower genus, but one would need a different idea to cover all the cases, especially the case of g = 2.
Theorem 2. Assume g ≥ 4 for i = 0 and g ≥ 5 for i = 1. Let Y be any projective manifold of dimension 3g − 3, and let f : Y → M i be a surjective holomorphic map.
Then f is locally rigid in the sense that any deformation {f t : Y → M i , t ∈ C, |t| < , f 0 = f } satisfies f t = f for all t.
Theorem 2 follows from a detailed study of the variety of tangent vectors to Hecke curves using the deep results of [Be] and [BV] . Theorem 2 can be regarded as a generalization of Narasimhan and Ramanan's result that M i does not have any nonzero vector field (see [NR1] ). Indeed our proof is well in the spirit of [NR2, Remark 5.17(iii) ] concerning the original proof of results in [NR1] . This paper consists of three sections. The first section is a collection of relevant results of Narasimhan and Ramanan from [NR2] . The proofs of Theorems 1 and 2 are given in the second and third sections, respectively.
1. Hecke curves. Throughout this paper, X is a nonsingular complex algebraic curve of genus g ≥ 2. Let M i be the moduli space of semistable bundles of rank 2 over X with a fixed determinant of degree i, i = 0, 1. They have dimension 3g −3. Let M s i ⊂ M i be the locus of stable bundles. Then M s 1 = M 1 , and M s 0 is the smooth part of M 0 . We use the notation W ∈ M i to denote the point corresponding to a semistable bundle W on X. It is well known that Pic(M i ) ∼ = Z. We use the additive notation for the group multiplication of Pic(M i ). When ᏸ i is the ample generator of Pic(M i ), [Be] , [R] ).
Hecke curves on M i were introduced by Narasimhan and Ramanan in [NR1] , [NR2] . We recall some basic properties of Hecke curves. Almost all the results in this section can be found in [NR2, Section 5] .
Given two nonnegative integers k and l, a vector bundle W of rank 2 and degree i
We need the next two propositions, proved in [NR2] , to explain the definition of Hecke curves.
Proposition 2 [NR2, 5.5] . Given an exact sequence 0 → V → W → ᏻ x → 0, where V ,W are vector bundles of rank 2 and ᏻ x is the skyscraper sheaf at a point
From now on, we assume that g ≥ 3 for i = 1 and g ≥ 4 for i = 0 so that a generic point of M i is (1, 1)-stable.
For a rank 2 bundle W , its projectivization PW is canonically isomorphic to the projectivization of its dual PW * . Given a point η ∈ PW , we use the same letter η to denote the 1-dimensional spaces in W and W * corresponding to η.
Let W ∈ M i be a (1, 1)-stable bundle. Let π : PW → X be the natural projection. Given a point η ∈ PW with x = π(η) ∈ X, the canonical projection
where L x is the line bundle on X corresponding to the divisor x. For each ν ∈ PV x , we have
V ν * has the same determinant as W , and V ν is stable from Proposition 2. Thus the family {V ν * , ν ∈ PV x } defines a rational curve on M s i , called the Hecke curve associated to η ∈ PW . By a Hecke curve, we mean a rational curve on M i which is the Hecke curve associated to some η ∈ PW for some (1, 1)-stable bundle W .
At the point x, the map W η x → W x has 1-dimensional kernel. Let η ∈ PV x be its annihilator. By writing down transition matrices explicitly, one can see easily that the dual of V η is isomorphic to W (see [NR1, 4 .11] for a proof). So the Hecke curve associated to η ∈ PW is a rational curve through W ∈ M i .
The next four propositions were proved in [NR2] . For the next proposition, we need some definitions. The family of bundles {V ν , ν ∈ PV x } whose duals define the Hecke curve associated to η ∈ PW can be viewed as a deformation of the bundle
) be the connecting homomorphism for the long exact sequence coming from
Since the next two propositions are not given explicitly in [NR2] , we provide proofs.
Proposition 8. Let W ∈ M i be a generic point. Then Hecke curves through W have minimal degree among rational curves through W .
Proof. For M 0 , this is immediate from −K M 0 = 4ᏸ 0 and Proposition 3. For M 1 , we have to show that there exists no rational curve of degree 1 with respect to ᏸ 1 through W . By Kodaira's stability (see [K] ), if a rational curve of degree 1 exists at a generic point of M 1 for some X, such a curve exists at a generic point of M 1 for any X of the same genus. In particular, such a curve exists when X is hyperelliptic. From [DR, Theorem 1] , M 1 for a hyperelliptic curve is the set of (g −2)-dimensional linear subspaces in the intersection of two quadrics in P 2g+1 determined by the hyperelliptic curve. A line on M 1 gives a (g − 1)-dimensional linear subspace in the intersection of the two quadrics. If lines exist through generic points of M 1 , we have at least a (3g − 3) − (g − 1) = (2g − 2)-dimensional family of (g − 1)-dimensional linear subspaces in the intersection of the two quadrics. But [DR, Theorem 2] says that the set of (g − 1)-dimensional linear subspaces of the intersection of the two quadrics is equivalent to the Jacobian of X, a contradiction to our assumption g ≥ 3. Proof. From [NR2, 5.15] , the set of all Hecke curves form an irreducible family. Thus all Hecke curves belong to . Let C be a Hecke curve through W , and let N be its normal bundle in M i . From Proposition 5, H 1 (C, N) = 0 and H 1 (C, N(−1)) = 0, which is equivalent to the smoothness of and W at the point C. From Proposition 3, dim() = h 0 (C, N ) = 3g − 2 and dim( W ) = h 0 (C, N(−1)) = 2. Thus Hecke curves are dense in , and W consists of Hecke curves through W . From Proposition 6, the classifying map PW → W is biholomorphic.
Proof of Theorem 1.
In this section, we prove Theorem 1. For g = 2, the stability of the tangent bundle of a Fano 3-fold of Picard number 1 is well known. So we assume g ≥ 3. The proof uses a result of [H] , which we briefly recall here.
Let Z be any n-dimensional Fano manifold of Picard number 1. Fix an irreducible component of the Hilbert scheme of rational curves on Z so that members of cover Z and a generic member has minimal degree among rational curves through generic points of Z. For a torsion-free sheaf Ᏺ of rank r > 0 on Z, choose a -curve C disjoint from the singular loci of Ᏺ and define the slope of Ᏺ to be µ(
A vector bundle E of rank k on Z is stable if, for every subsheaf Ᏺ of rank r with 0 < r < k, the inequality µ(Ᏺ) < µ(E) holds.
For a generic point z ∈ Z, let z be the subscheme of corresponding to curves through z and let o z ⊂ z be the subscheme corresponding to curves smooth at z. In fact, if we choose Ᏺ as the subsheaf of maximal slope, it is not difficult to translate µ(Ᏺ) ≥ µ(T (Z)) into the above form, by examining the splitting type of Ᏺ on a generic -curve. See [H] for details.
We apply the above result to the case Z = M 1 , where p = 2 and n = 3g − 3. We choose as the component of the Hilbert scheme containing Hecke curves given in Proposition 9. Then z is a general (1, 1) Proof. We can describe the map φ defined by the complete linear system |2π * K X − K PW | as follows. Note that 2π * K X − K PW = π * K X + π , where π is the relative tangent sheaf. From π * π = ad(W ) and R j π * π = 0, j > 0 (see [NR1, 2.3 
. Given a point η ∈ PW x , we have the corresponding η ∈ PW * x , which we denote by η ⊥ in this proof to avoid con-
by taking the trace of endomorphisms of W x , which gives the element φ(η) ∈ PH 0 (X, K X ⊗ ad(W )) * .
On the other hand, from the definition of the Hecke curve associated to
is represented by the Kodaira-Spencer class of the family {V ν * , ν ∈ PV x } at W = V η * , where η ∈ PV x is the annihilator of the kernel of the map W η x → W x . Since we are interested in the projectivization, we may consider the Kodaira-Spencer class of the family {V ν , ν ∈ PV x } at V η , or the image of the map δ • ζ in Proposition 7. We can find a cocycle representing this class as follows.
Choose a coordinate covering {U, U 1 , . . . , U N } of X so that all vector bundles are trivial on U, U j and x ∈ U , x ∈ U j . On U j , let us identify W * = V η and V once and for all by the map β : V η → V in the exact sequence defining V η . Choose a coordinate z on U centered at x and choose frames {e 1 , e 2 } of V η and {f 1 , f 2 } of V over U so that e 1,x ∈ η ⊥ ⊂ W * x = V η x , f 2,x ∈ η , β(e 1 ) = zf 1 , and β(e 2 ) = f 2 . Given a nonzero vector v ∈ Hom(η , V x /η ), ζ(v) = v • β ∈ Hom(V η x , V x /η ) sends e 1,x to zero and e 2,x to a nonzero element, namely, an element of V x /η represented by a constant multiple of f 1,x . After multiplying v by a suitable nonzero constant, ζ(v) can be extended toṽ ∈ H 0 (U, Hom(V η , V )) satisfyingṽ(e 1 ) = 0,ṽ(e 2 ) = f 1 . Then δ(ζ(v) ) is defined by the cocyclev j ∈ H 0 (U ∩ U j , Hom(V η , V η )) obtained by composingṽ with the inverse of the isomorphism β| U ∩U j :
Thus when {e * 1 , e * 2 } is the dual frame, W (η) is represented by the cocycle {(1/z)e * 2 ⊗ e 1 on U ∩ U j }. From the choice of e 1 and e 2 , e 1,x ∈ η ⊥ and e * 2,x ∈ η. It follows that the cocycle {(1/z)e * 2 ⊗e 1 } corresponds to η ⊥ ⊗η ∈ PH 0 (X, K X ⊗ad(W )) * via the residue pairing giving the Serre duality
It remains to show that W is finite over its image. In the notation of [Ha, V.2] , the numerical class of 2π * K X −K PW is 2C 0 +(2g −2+e)f with e < 0 for a stable bundle W (see [Ha, Remark 2.16 Proof. Suppose that the intersection is nonempty and of dimension greater than or equal to (4r/(3g − 3)) − 1. Since the surface Ꮿ W is nondegenerate in PT W (M 1 ), the intersection can have dimension 0 or 1. If the intersection has dimension 1, then the projection from PF sends the tangent space at a generic point of Ꮿ W to zero. Thus the projection sends Ꮿ W to a point. This implies that Ꮿ W is contained in some linear subspace P r containing PF , a contradiction to the nondegeneracy of Ꮿ W . It follows that the intersection has dimension 0 and r ≤ (3/4)(g − 1) . Moreover, the projection from PF projects Ꮿ W to a curve l in P 3g−4−r .
Suppose the W -image of a generic fiber of π : PW → X is dominant over l. Since the image of this fiber under W is of degree less than or equal to 2, l must be contained in a plane. This implies that Ꮿ W is contained in some P r+2 containing PF , a contradiction to the nondegeneracy of Ꮿ W again. Thus the projection to P 3g−4−r contracts generic fibers of π to a point. It follows that the W -image of a generic fiber of π is contained in some linear subspace P r containing PF as a hyperplane, and it intersects PF . Let ⊂ |2π * K X − K PW | be the subsystem of dimension 3g − 4 − r defining the projection of PW to P 3g−4−r from PF . Let D ⊂ PW be the fixed component of . D corresponds to the intersection of Ꮿ W with PF . Hence generic fibers of π : PW → X intersect D twice, counting multiplicity. Using the notation of [Ha, V.2] , the numerical class of D is of the form 2C 0 +df for some integer d. From [Ha, V.2] , the numerical class of 2π * K X − K PW is 2C 0 + (2g − 2 + e)f . Thus the moving part of the system is just the pullback of a linear system on X of degree 2g − 2 + e − d. By Nagata, 0 < C 2 0 = −e ≤ g (see [Na] ). Since C 0 is ample (see [Ha, V. 2, Proposition 2.21]), 0 < D · C 0 and −2e + d > 0. So is the pullback of a linear system of degree less than or equal to 3g − 3. By the Riemann-Roch theorem and Clifford's theorem (see [Ha, page 343] ), dim( ) ≤ max((3/2)(g − 1), 2g − 3) = 2g − 3. Combined with dim( ) = 3g − 4 − r, we get g ≤ r + 1, a contradiction to r ≤ (3/4)(g − 1).
Proof of Theorem 2.
For the proof of Theorem 2, we need some refinements of Proposition 11. These follow from the results of [Be] and [BV] rather easily. Proof. We use the following result from [Be] and [BV] .
Theorem (Beauville, Brivio-Verra) . The complete linear system associated to ᏸ 0 is base point free, defining a morphism ψ : Proof. For η ∈ PW , PW η is related to PW by the elementary transformation as follows. The blow-up of PW at η is naturally biholomorphic to the blow-up of PW η at η . The exceptional divisor over η corresponds to the strict transform of the fiber π −1 (π(η )), and the exceptional divisor over η corresponds to the strict transform of the fiber π −1 (π(η)). Namely, the projectivized tangent space at η corresponds to the fiber π −1 (π(η )). Under this correspondence, a section of 2π * K X − K PW η on PW η vanishing at η can be lifted to the blow-up of PW η at η and then pushed to a section of 2π * K X − K PW on PW vanishing at η.
For a generic (1, 2)-stable W ∈ M 1 and a generic point η ∈ PW , W η ∈ M 0 is
(1, 1)-stable and is not a fixed point of the hyperelliptic involution. Thus 2π * K X − K PW η is very ample from Proposition 13. For any ζ ∈ PW with π(η) = π(ζ ), we can find a section of 2π * K X − K PW η on PW η vanishing at η and nonvanishing at ζ . Thus η and ζ can be separated by a section of 2π * K X − K PW . If η = ζ ∈ PW with π(η) = π(ζ ), they correspond to two different tangent vectors at η in PW η and can be separated by a section of 2π * K X − K PW . This shows that W is birational.
To prove Theorem 2, we combine Propositions 13 and 14 with the result in [HM2, Section 1]. To explain the latter result, we need some definitions.
Let g : S → Z be a regular map between two quasiprojective complex algebraic varieties. We can stratify S and Z into finitely many nonsingular quasiprojective subvarieties. On the other hand, given g : S → Z with both S and Z smooth, we can stratify S into finitely many quasiprojective subvarieties on each of which g has constant rank. Applying these two stratifications repeatedly, we can stratify S naturally into finitely many irreducible quasiprojective nonsingular subvarieties S = S 1 ∪· · ·∪S k , such that for each i, the image g (S i ) is nonsingular and the holomorphic map g| S i : S i → g (S i ) is of constant rank. It is called the g-stratification of S.
Let Y be a projective manifold, and let y ∈ Y be a point. We consider the subscheme of the Hilbert scheme of curves on Y passing through y, parametrizing irreducible and reduced curves smooth at y with a fixed geometric genus, and we denote by y the underlying quasiprojective variety of an irreducible component of that subscheme. Let Z be a Fano variety and let be as in the beginning of Section 2, namely, it is an irreducible component of the Hilbert scheme of curves so that a generic member of is a rational curve of minimal degree through a generic point of Z. When Z has singularity, we assume that, for a generic point z ∈ Z, all members of z lie on the smooth part of Z. For a generic point z ∈ Z, let Ꮿ z ⊂ PT z (Z) be the strict image of the tangent map z : z → PT z (Z). The main result of [HM2, Section 1] is the following. The statement is slightly different from [HM2] , but the proof works verbatim. 
